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In this paper, we explore the test particle motion around a black hole in Einstein-Maxwell-scalar
(EMS) theory using three different black hole solutions within this theory. We have first analyzed
the spacetime curvature structure of these solutions and shown the existence of two singularities
and the first one is at the center r = 0. In black hole spacetime, there are two regions divided by
the critical value of the cosmological parameter λ0. The photon sphere around the black hole in
EMS theory has also been studied and found that it does not depend on cosmological parameter
λ. We have analyzed the innermost stable circular orbits (ISCO) around the black hole and shown
that for all solutions ISCO radius for neutral particle decreases with the increase of black hole
charge. We have also studied the charged particle motion around the black hole where charged
particle motion is considered in the presence of the gravitational field and the Coulomb potential.
It is shown that ISCO radius for charged particles increases depending on the selected value of the
coupling parameter which is in contradiction with observations of the inner edge of the accretion
disks of the astrophysical black holes and can be used as a powerful tool to rule out the EMS theory
from consideration for the gravitational field theory. It is also studied the fundamental frequencies
governed by test particle orbiting around the black hole in EMS theory. Finally, as a test of black
hole solution in EMS theory ISCO radii is compared with that in Kerr black hole and found that
the spin parameter of Kerr can be mimic up to a/M ' 0.936.
PACS numbers: 04.50.-h, 04.40.Dg, 97.60.Gb
I. INTRODUCTION
In the low energy limit of string theory, one may in-
troduce the dilaton scalar field which is appearing as an
additional supplement term to the Einstein action in the
form of the axion, gauge fields, and another nontrivial
coupling of dilaton to fields. The causal structures and
thermodynamic properties of black hole solution with
dilaton have been explored in [1–9].
Another interesting feature comes from study of the
black hole solutions with the cosmological constant. The
correspondence of anti-de-Sitter solution with confor-
mal field theory may be used to unify quantum fields
and gravitons. Theories containing negative cosmologi-
cal constants may be considered as a part of supergravity
theories defined in higher-dimensional spacetime. The
study of these type theories and solutions can be found
in Refs. [10–15].
In heterotic string theory, the scalar dilaton field is cou-
pled to higher-order terms of module of electromagnetic
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field tensor. Consequently, for nonzero electromagnetic
field tensor, one may have nonconstant dilaton term and
in the Reissner-Nordstro¨m limit the solution is not the
approximate solution of the string theory [2].
Existing black hole solutions can be tested using test
particle motion around gravitational compact objects in
the strong gravity regime. Standard solutions such as
Schwarzschild and Kerr black hole ones within general
relativity have been successfully tested in both weak (us-
ing solar system tests) [16–19] and strong field regime
(observation of gravitational waves, the shadow of black
holes and stars moving around the supermassive black
hole Sagittarius A* (SgrA*) at the center of Milky Way
galaxy) [20–22] GRAVITY. However, in these observa-
tions, there is still open window for testing other theo-
ries of gravity, including the black hole solution with the
dilaton scalar field with the cosmological constant. Par-
ticularly the X-ray observation data from astrophysical
compact objects have been used to test alternative and
modified theories of gravity in Refs. [23–25].
It is widely believed that the quasi-periodic oscillations
(QPOs) observed around gravitational compact objects
is one of the promising tools to test the phenomena occur-
ring in the strong gravitational field of the black hole can-
didates observed as X-ray microquasars. One of the de-
veloped models to explain such observational phenomena
is the epicyclic frequencies governed by neutral test par-
ticle motion orbiting around the black hole, for example,
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2[26–28], by the charged particle motion in Refs. [29, 30].
The circular orbits of test particles, particularly inner-
most stable circular orbits (ISCOs) are the subject of
special interest. The observation of accretion disc may
be used to get estimation and constraints on parameters
of black hole [31–34]. Particularly the presence of the
magnetic field around black holes changes the structure
of the dynamics of charged particles [35–41]. The studies
of spacetime structure and particle motion around black
holes may be found in Refs. [42–54].
Another possible way of study of the particle dynam-
ics is connected with magnetized particle motion around
the black hole in the external magnetic field [55, 56].
Recently the magnetized particle motion around the non-
Schwarzschild black hole has been studied in [57]. A sim-
ilar study in the presence of the quintessence parameter
has been carried out in [58]. Magnetized particle motion
as a test of spacetime structure and gravity theories have
been explored in Refs. [59–65]. The electromagnetic field
structure and charged particle dynamics around black
hole have been widely studied in the literature [66–94].
In this paper, we are interested in studying test particle
motion in the spacetime of the Einstein-Maxwell-scalar
theory. The paper is organized in the following way. In
the Sec. II we provide in very detailed form the exact
analytical solutions of the EMS field equations. Section
III is devoted to the derivation of test particle motion.
Finally, in Sec. VI we summarize obtained results and
give future outlook related to the present work.
Throughout the paper we use a space-like signature
(−,+,+,+), a system of units in which G = c = h = 1
and restore the Newtonian constant, speed of light and
plank constant when we need to compare the results with
the observational data. Greek indices are taken to run
from 0 to 3, Latin indices from 1 to 3.
II. SPACETIME METRIC
In this section, we plan to incorporate into the
Einstein-Maxwell-scalar field equations. The action for
such a system can be described by [1, 2, 95]
S =
∫
d4x
√−g
(
R− 2∇αφ∇αφ
−K(φ)FαβFαβ − V (φ)
)
, (1)
where ∇α stands as covariant derivative, g is the deter-
minant of the metric tensor gµν , R is the Ricci scalar
of the curvature and φ is the massless scalar field, Fαβ
is the electromagnetic field tensor and K(φ) is the cou-
pling function between the dilaton and the electromag-
netic fields. V (φ) is the scalar potential.
Varying the action (1) with respect to the metric gαβ ,
vector potential Aα, and dilaton (scalar) φ fields, re-
spectively, we obtain equation of motion of EMS system,
namely, [95]
Rαβ = 2∇αφ∇βφ+ 1
2
gαβV
+ 2K
(
FαγF
γ
β −
1
4
gαβFµνF
µν
)
, (2)
∇α
(
KFαβ
)
= 0 , (3)
∇α∇αφ− 1
4
(V,φ +K,φFµνF
µν) = 0 (4)
where ,φ denotes derivative with respect to the dilaton
field, Rαβ is the Ricci tensor.
One can see that the equations (2)-(4) are coupled with
differential equations and it is difficult to find exact so-
lutions of such a system of coupled nonlinear equations.
Nevertheless, it one can find exact analytical solutions for
the complex systems under some assumptions. The gen-
eral form of exterior metric for the spherically-symmetric
and static black hole can be written as [95]
ds2 = −U(r)dt2 + dr
2
U(r)
+ f(r)
(
dθ2 + sin2 θdϕ2
)
, (5)
where U(r) and f(r) are the unknown radial metric func-
tions. Assume the time component of the vector and the
dilaton fields depends on the radial coordinate only i.e.
At = At(r) and φ = φ(r).
In the present paper, we will not look for the new solu-
tions of EMS equations, however, we will test some exact
solutions obtained by other authors. In the paper, we
will consider three different black hole solutions. The
first one is Garry-Maeda-Garfinkle-Horowitz-Strominger
(GMGHS) solution [1, 2]
K = e2φ , V = 0 , (6)
the second one is Gao-Zhang (GZ) solution [96]
K = e2φ , V =
λ
3
(
e2φ + 4 + e−2φ
)
, (7)
and finally, the last one is Yu-Qiu-Gao (YQG) solu-
tion [95]
K =
e2φ
βe2φ + β − 2γ , V =
λ
3
(
e2φ + 4 + e−2φ
)
. (8)
The unknown radial functions f(r), U(r), φ(r) and
At(r) corresponding to the three different solutions are
listed in Tab. I. One can see that among them YQG so-
lution is more general and characterized by five indepen-
dent free parameters: black hole mass M and charge Q,
the cosmological parameter λ, and additional two γ and
β parameters arisen from modification of K(φ) function
as shown in equation (8). It covers the other two solu-
tions, for example, in the case when γ = −1 and β = 0,
YQG solution reduces to GZ solution and then switch-
ing off λ parameter we obtain the well-known GMGHS
solution.
3TABLE I: List of radial functions for three different solutions of EMS theory are presented
Solutions f(r) U(r) At φ(r)
GMGHS [1, 2] r2
(
1− Q2
Mr
)
1− 2M
r
−Q
r
− 1
2
ln
(
f/r2
)
GZ [96] r2
(
1− Q2
Mr
)
1− 2M
r
− λ
3
f −Q
r
− 1
2
ln
(
f/r2
)
YQG [95] r2
(
1 + γQ
2
Mr
)
1− 2M
r
− λ
3
f + βQ
2
f
Q
r
[
γ − β
2
(
1 + rQ
f
)]
− 1
2
ln
(
f/r2
)
Using the standard procedure the dilaton charge D,
the electric charge Q and the ADM mass M of the black
hole can be calculated by [95]
D =
1
4pi
∫
∇αφ ∗dSα , (9)
Q =
1
4pi
∫
K(φ)∇αAt ∗dSα , (10)
M =
1
4pi
lim
Sα→i0
∫
gµν (∂βgµα − ∂µgαβ) ∗dSα , (11)
where ∗dSα is dual element of the hypersurface dSα,β,γ
, i0 is the spacetlike infinity and ∂α stands for partial
derivative with respect to coordinate xα.
In order to better understand the structure of the
spacetime geometry in Eq. (5) we determine the cur-
vature invariants such as, Ricci scalar R, Ricci square
RαβR
αβ and the Kretschmann K = RαβµνRαβµν scalar.
Before starting to calculate them we use the following
fact that structure of f(r) function is the same in all
three solutions which satisfies to the following relations:
f ′(r) = r +
f(r)
r
, f ′′(r) = 2 . (12)
Taking into account equation (12) and hereafter perform-
ing simple algebraic calculations the curvature invariants
for the general form of spacetime metric (5) can be ex-
pressed as
R =
Ur2
2f2
+
2− 2rU ′ − 3U
f
+
U
2r2
− 2U
′
r
− U ′′ ,
RαβR
αβ =
U2r4
4f4
− r
2U (rU ′ + 2U)
2f3
+
A
2f2
+
B
2r2f
+
U2
4r4
− UU
′
2r3
+
2U ′2 − UU ′′
2r2
+
1
2
U ′′2 +
U ′U ′′
r
,
K = 3U
2r4
4f4
− r
2U (rU ′ + U + 2)
f3
+
r2U ′2 + U (rU ′ − 4) + 9U22 + 4
f2
(13)
+
2r2U ′2 + rUU ′ − U(U + 2)
f
+
3U2
4r4
− UU
′
r3
+
U ′2
r2
+ U ′′2 ,
where
A = 4 + 7U2 − U (r2U ′′ − 5rU ′ + 8)+ 2rU ′ (rU ′ − 2)
B = 2rU ′
(
r2U ′′ + 2rU ′ − 2)+ rU (2rU ′′ + 5U ′)− 2U2.
Here we don’t show the explicit form of the expres-
sions for the curvature invariants for all three black hole
solutions, however without losing generality, our analy-
ses show that in each black hole solution all the curvature
infuriates in (13) have two singularities one is r = 0 and
other one appears at f = 0 which is corresponding to a
naked singularity.
In the case when Q = 0, the curvature invariants in
(13) take the form
lim
Q→0
R = 4λ ,
lim
Q→0
RαβR
αβ = 4λ2 , (14)
lim
Q→0
K = 48M
2
r6
+
8λ
3
.
From the expressions (14), one can see that despite the
absence of the black hole charge Ricci scalar and Ricci
square are non zero for YQG solution. An interesting
fact is that in the case when Q = 0, the curvature in-
variants are independent of γ and β parameters. Here
one should emphasize that the results presented in (14)
will also be the same in GZ solution. Finally, in the
case when Q = 0 and λ = 0 the curvature invariants re-
duce to the Schwarzschild case as R = RαβR
αβ = 0 and
K = 48M2/r6.
The radius of the horizon is quite common phenomena
in spacetime structure and it can be found from U = 0
for all three black hole solutions. For GMGHS metric it
coincides with the Schwarzschild radius i.e. rh = 2M ,
while for GZ metric horizon radius can be found as a
solution of the following polynomial equation
1− 2M
r
− λ
3
r2
(
1− Q
2
Mr
)
= 0 . (15)
The introduced spacetime metric is an interesting gener-
alization of the Schwarzschild-de Sitter one governing a
black hole in the spacetime with dark vacuum energy rep-
resented by a cosmological constant. The detailed phys-
ical properties of such spacetimes have been treated in a
series of works [97–108]. Here we are not interested in
4the explicit form of the solution for equation (15), how-
ever, we can see that the radius of horizon depends on
two parameters, black hole charge Q and λ parameter
and in the case when λ = 0 horizon of the black hole will
become rh = 2M , however for the non-zero value of λ
parameter situation will be quite complicated. Figure 1
draws dependence of horizon radii from black hole charge
for the different values of λ parameter for GZ as well as
Reissner-Nordstrom-de Sitter metrics. From Fig. 1 one
can see that there exists such a critical value of λ pa-
rameter i.e. λ = λ0 that compensates the gravitating
and anti-gravitating fields. On the other hand, the crit-
ical value λ0 separates physical and nonphysical space.
In the region, λ < λ0 the gravitational field dominates,
and in this region, we observe physical space, while in
λ > λ0 anti-gravitational field dominates which corre-
sponds to nonphysical spacetime. In order to find the
critical values of radius and λ parameter we use the fol-
lowing conditions U = 0 and U ′ = 0 and for GZ metric
we obtain
r0 =
6M2 +Q2 ±√(Q2 − 2M2) (Q2 − 18M2)
4M
, (16)
λ0 =
3
(
108M4 − 36M2Q2 −Q4)
16Q6
± 3
(
Q2 − 18M2)√(Q2 − 2M2) (Q2 − 18M2)
16Q6
, (17)
while for Reissner-Nordstrom-de Sitter metric one gets
r0 =
1
2
(
3M ±
√
9M2 − 8Q2
)
, (18)
λ0 = −
3
(
27M4 − 36M2Q2 + 8Q4)
32Q6
± 3M
√
(9M2 − 8Q2)3
32Q6
. (19)
In the case when Q = 0, one gets r0 = 3M and λ0 = 1/9.
An interesting fact is the expressions for the critical value
of radii in (16) and (18) provide the same expressions for
the radii of photonsphere for both GZ and pure Reissner-
Nordstrom-de Sitter spacetime metrics. In the next sec-
tion, we will show detailed calculations of photonsphere
radii.
From now we focus on the calculation of horizon radii
in YQG solution and the exact form of the lapse function
is given in Tab I. In order to calculate the radii of the
horizon, we again recall definition, U = 0, which allows
writing
1− 2M
r
− λ
3
r2
(
1 +
γQ2
Mr
)
+
βQ2
r2
(
1 + γQ
2
Mr
) = 0 . (20)
From Eq.(20) as we can see that the horizon’s radius
should depend on five different parameters, black hole
mass M , charge Q, λ, γ and β parameters. Figure 2
shows the dependence of the horizon radius from the
black hole charge at λ < λ0 region for the different values
of γ and β parameters. Note that in λ < λ0 there are
two different radii of the horizon, the first one is the cos-
mological horizon which is not interesting and the second
one is the physical horizon as shown in Fig. 2. One can
also see that for various values of γ and β parameters the
maximum value of the black hole charge decreases.
III. GEODESIC MOTION
In this section, we study test particle motion around
the black hole in the Einstein-Maxwell-scalar theory.
Since the spacetime metric (5) is independent of coor-
dinates t and φ, then corresponding momentum to these
coordinates, pt and pφ should be conserved, which are
related to the energy and the angular momentum of a
test particle at infinity. It is well known that the four-
velocity of test particle, i.e. uα = x˙α = dxα/dλ, where
λ is an affine parameter, is satisfied to the following nor-
malization condition: gαβu
αuβ = −1 which allows to
write equation of motion in background geometry (5) in
the form
r˙2 + U(r)f(r)θ˙2 = E2 − Veff(r, θ) , (21)
where the effective potential Veff(r, θ) is defined as
Veff(r, θ) = U(r)
(
1 +
L2
f(r) sin2 θ
)
, (22)
here E and L are, respectively, the specific energy and
the specific angular momentum of a test particle at in-
finity. Notice that these quantities satisfy the following
relations:
E = U(r)ut , L = f(r) sin2 θuϕ , (23)
Now we focus on the analysis of test particle motion by
investigating the effective potential. The standard analy-
sis shows that particle motion is limited by the energetic
boundary conditions given by r˙ = 0 and θ˙ = 0 which
leads to
Veff(r, θ) = 0 . (24)
On the other hand, the stationary points of the effective
potential (22) can be found from the following conditions
∂rVeff(r, θ) = 0 , ∂θVeff(r, θ) = 0 , (25)
which allow to find extrema (r0, θ0) of the function. From
the second expression in (25) one can easily find that one
of the extremum points of the effective potential is lo-
cated at θ0 = pi/2 which corresponds to an equatorial
plane and another extremum point r0 of the effective po-
tential can be found from the first expression in (25).
Using the Eq.(24) and the first expression in (25) the ra-
dial dependence of the specific energy and the specific
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FIG. 1: (Color online) Radius of the horizon for GZ metric (Left) and Reissner-Nordstrom-de Sitter metric (Right) are functions
of black hole charges for the different values of λ parameter.
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FIG. 2: (Color online) Left: Dependence of the radius of the horizon from the black hole charge for different values of β
parameter. Right: Dependence of the radius of the horizon from the black hole charge for different values of γ parameter.
angular momentum at circular orbit can be found as
E2 = U
2f ′
Uf ′ − fU ′ , (26)
L2 = f
2U ′
Uf ′ − fU ′ . (27)
One of the interesting features of black holes is related
to characteristic radii around them, from these points of
6view we are now interested in the determination of the
characteristic radii around rotating black holes, namely
photonsphere, marginally bound, and ISCO radii. We
first focus on the determination of the radius of the pho-
tonsphere. In fact that photon is massless, i.e. m = 0,
which means it’s specific energy tends to infinity (i. e.
E → ∞). In order to find the radii of photonphere we
use the fact that denominator of the expression (26) to
be zero i.e. Uf ′ − fU ′ = 0. Our calculations show that
the expression for the radius of photonsphere in GMGHS
and GZ solutions is exactly the same and has a form
r±ph =
6M2 +Q2 ±√(Q2 − 2M2) (Q2 − 18M2)
4M
, (28)
which is independent of λ parameter and r+ is respon-
sible for the radius of the photonsphere in GMGHS and
GZ solutions. In order to calculate the radius of pho-
tonsphere for YQG metric one has to solve the following
cubic equation
x3 + px+ q = 0 , (29)
where
x =
r
M
− 1 + γQ
2
2M2
, (30)
p = −3− 2(γ − β)Q
2
M2
− γ
2Q4
4M4
, (31)
q = −2− 2(γ − β)Q
2
M2
− γ
2Q4
2M4
, (32)
The cubic equation has three different solutions as
xk = 2
√
−p
3
cos
(
1
3
arccos
(
3q
2p
√−3
p
)
− 2pik
3
)
, (33)
where k = 0, 1, 2. Then the radius of the photonsphere
can be expressed as rk = M(xk + 1 + γQ
2/2M2). In
Fig. 3 the various dependence of the radius of the photon
sphere is illustrated. From Fig. 3 one can see that with
increasing Q parameter the radius of the photonsphere
decreases. Other interesting fact is that the critical value
of the black hole charge decreases with various values
of γ and β parameters of the black hole and they also
independent of λ parameter.
There exists other radius of massive particle so-called
innermost stable circular orbit (ISCO) which can be
found using the following conditions ∂2rVeff(r, pi/2) = 0
along with the Eqs.(24) and (25). Hereafter simple alge-
braic calculation one can get
2Uf ′U ′
f
− Uf
′′U ′
f ′
+ UU ′′ − 2U ′2 = 0 . (34)
The ISCO radius for a test particle can be found as the
solution of the equation (34) being all three black hole so-
lutions. One has to emphasize that hereafter making nor-
malizing the radial coordinate with the black hole mass
i.e. r/M , then ISCO radius will be dependent on the
black hole charge Q, the cosmological parameter λ, and
also β, γ parameters. Figure 4 draws dependence of the
ISCO radius of the test particle from a black hole charge
for different sets of β and γ parameters. The left panel
of Fig. 4 shows the dependence of ISCO radius from the
black hole charge in GZ metric for arbitrary values of the
cosmological parameter λ. It is interesting to mention
that for zero value of the cosmological parameter ISCO
radius represents the upper limit given with blue solid
line in Fig. 4. The lower limit of the ISCO curve (dashed
red line) is not changed after some value of the cosmolog-
ical parameter. We have found that for any value of the
cosmological parameter ISCO radius will be, r/M = 15/4
at Q = 0. One can see that both upper and lower ISCO
radii decrease up to the horizon radius. In the central
and right panels of Fig. 4 same plots together with left
one are presented for different sets of the other β and γ
parameters in YQG metric.
A. Black holes in EMS theory versus rotating Kerr
black holes
It is well-known that astrophysical black holes can be
described by a few parameters like mass, spin, and/or
(electric and magnetic) charge. However, it is difficult to
measure these parameters directly in the astrophysical
observations except the total mass which can be used by
the Newtonian dynamics. One way is to estimate the val-
ues of the black hole parameters through measurements
of indirect observations (for example dynamics of photons
and massive particles). In other words, one can measure
and/or compare their effects on the particle dynamics by
considering two-parameters model for the central black
hole: mass-spin and mass-charge. On the other hand, in
fact, that the effect of spin of the rotating Kerr black hole
and electric charge of a static black hole is similar to the
ISCO radius. The question arises from this degeneracy,
how one can distinguish the effects of spin and charge
parameters based on the on observational data from dy-
namics of the particle around a black hole? Moreover,
even in the charged static black hole model, it is impor-
tant to know the type of charge. in this subsection, we
will try to show the cases in which values of spin and
charge parameters ISCO radius of test particles around
rotating Kerr and charged GZ/YQG static black holes
will be exactly the same.
The expression for ISCO radius of test particles cor-
responding to retrograde and prograde orbits around ro-
tating Kerr black hole can be found in [109]
risco = 3 + Z2 ±
√
(3− Z1)(3 + Z1 + 2Z2) , (35)
where denotes,
Z1 = 1 +
(
3
√
1 + a+ 3
√
1− a) 3√1− a2 ,
Z2 =
√
3a2 + Z21 .
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value γ and the same plot is for different values of γ parameters at the fixed values of β parameter. The lower limit of ISCO
radii equal to r/M = 15/4 at Q = 0.
Here we will provide analysis of degeneracy values of spin
parameter and charge of black holes in EMS theories us-
ing Eqs. (34)-(35).
One can see from Fig. 5 that GZ black hole charge
can mimic up to a/M = 0.925877 providing the same
value for ISCO radius of test particles for the case when
λ = 0, while at λ → ∞ the charge can mimic the spin
parameter in the range of a/M ∈ (0.544736, 0.925877)
(see red dashed line). Moreover, the same mimic val-
ues for YQG black hole charge, but in this case, the
maximum value for the charge is Q/M ' 0.81. In re-
alistic astrophysical applications one may estimate the
charge of the supermassive GZ black hole Sgr A* (M87)
as Q/M = 1.203 (Q/M = 1.41392) when the parame-
ter λ = 0, while charge of the SMBH YQG Sgr A* is
Q/M = 0.694553 (Q/M = 0.848621) when parameters
λ = 0 and β = −3.
IV. FUNDAMENTAL FREQUENCIES
In this section, we will show in detail the derivation
of expression for the fundamental frequencies governed
by test particle orbiting around the black hole in the
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FIG. 5: Relations of degeneracy values of charge of GZ (left panel) and YQG (right panel) black holes and spin of Kerr black
hole for the same ISCO radius
Einstein-Maxwell-scalar theory which is one of the sim-
ple models to explain Quasi-Periodic oscillations (QPO)
observable around compact astrophysical objects. The
angular velocity measured by a distant observer can be
found as
Ω =
√
− ∂rgtt
∂rgφφ
=
√
U ′(r)
f ′(r)
. (36)
However, there might exist other types of oscillations
characterized by the radial and vertical frequencies.
These radial and vertical fundamental frequencies can
be calculated by considering small perturbation around
the circular orbit, respectively, along with the radial
r → r0 + δr and azimuthal θ → θ0 + δθ directions. Then
the effective potential can be expanded in terms of r and
θ coordinates in the form
Veff(r, θ) = Veff(r0, θ0)
+ δr ∂rVeff(r, θ)
∣∣∣
r0,θ0
+ δθ ∂θVeff(r, θ)
∣∣∣
r0,θ0
+
1
2
δr2 ∂2rVeff(r, θ)
∣∣∣
r0,θ0
+
1
2
δθ2 ∂2θVeff(r, θ)
∣∣∣
r0,θ0
+ δr δθ ∂r∂θVeff(r, θ)
∣∣∣
r0,θ0
+O (δr3, δθ3) . (37)
The careful analysis of this expansion shows that the
first term of (37) vanishes due to the condition (24), on
the other hand using the stability conditions of the ef-
fective potential in Eq.(25) one can remove the second,
the third and last terms of the expression (37), which
means the only two terms remain which are proportional
to the second-order derivatives from the effective poten-
tial with respect to r and θ. This is the standard way
of the derivation of the equation of motion for the har-
monic oscillator. Now we focus on equation of motion
once again and before continuing our calculations we re-
place a derivation with respect to an affine parameter in
Eq.(21) into the time derivation (i.e dt/dλ = ut), the
main idea of this replacement is to express all equations
in terms of physical quantities measured by a distant ob-
server. Now substituting the expression (37) into (21)
and following the above statements we obtain harmonic
oscillator equations (Euler-Lagrange equations) for dis-
placements δr and δθ in the form
d2δr
dt2
+ Ω2rδr = 0 ,
d2δθ
dt2
+ Ω2θδθ = 0 , (38)
where Ωr and Ωθ are, respectively, the radial and az-
imuthal angular frequencies measured by a distant ob-
server, defined as
Ω2r =
1
2(ut)2
∂2rVeff(r, θ)
∣∣∣
θ=pi/2
, (39)
Ω2θ =
1
2fU(ut)2
∂2θVeff(r, θ)
∣∣∣
θ=pi/2
. (40)
Finally, expressions for the fundamental frequencies in
the spacetime of the black hole in EMS theory governed
by test particle take the form
Ωr = Ω
√
U
(
f ′U ′′
2U ′
+
f ′2
f
− 1
)
− f ′U ′ , (41)
Ωθ = Ω =
√
U ′
f ′
, (42)
Ωφ = Ω =
√
U ′
f ′
. (43)
Here we can see that the expressions for both vertical
angular velocities are same which means we can not dis-
tinguish them when we observe them. Notice that the
expressions (41)-(43) represent the angular frequencies,
however, the fundamental frequencies can be expressed
as νi = Ω/(2pi), then the Keplerian frequency takes a
form:
ν =
1
2pi
c3
GM
(
GM
c2r
)3/2
Hz . (44)
In order to have an idea to understand the theoretical
expressions for fundamental frequencies one can write
9the expression for the Keplerean frequency for the stellar
black hole in the Schwarzschild spacetime in the form:
ν ' 220
(
M
10M
)−1(
6GM
c2r
)3/2
Hz . (45)
Notice that the fundamental frequencies are observed
only outside the region of the ISCO radii of the test
particle. Similarly, the expressions for the fundamen-
tal frequencies can be obtained around black holes in
EMS theory. The radial dependence of the fundamental
frequencies governed by test particle motion around the
black hole for the different sets of the black hole param-
eters is illustrated in Fig. 6. Most of observations show
that fractional frequencies to be order of νφ : νr = 3 : 2,
νθ : νr = 3 : 2 or these ratio might be combinations
of fundamental frequencies. Of course, here in Fig. 6,
it is difficult to analyze these results for the full set of
the black hole parameters and compare them with ob-
servational data. However, we can see (the second row
of Fig. 6) that due to the cosmological parameter ratio
of the frequencies gets larger which disagrees with obser-
vations. The νθ,φ : νr = 3 : 2 ratio can obtained with
playing of all other black hole parameters.
V. CHARGED PARTICLE MOTION
In this section, we study charged particle motion
around a charged black hole in EMS theory. The equa-
tion for the radial motion for the charged particle is
r˙2 = (E + eAt(r)) 2 + U(r)
(
1 +
L2
f(r)
)
, (46)
where e is charge of particle. The radial functions f(r),
U(r), and At(r) are shown in Tab. I for given parameters.
The effective potential Veff(r) for charged particle can
be found from the following conditions r˙ = 0 and E =
Veff(r), in the form
Veff(r) =
√
U(r)
(
1 +
L2
f(r)
)
− eAt(r) , (47)
where the first term of the effective potential is respon-
sible for pure neutral particle case, while the second one
represents the Coulomb interaction of the charged par-
ticle with a charged black hole. In absence of particle
charge i.e. e = 0 the effective potential reduces to the
one for neutral particle.
Now we concentrate on finding ISCO radius for the
charged particles around the charged black hole in EMS
theory. We have already analyzed behavior of ISCO radii
for the neutral particle in EMS theory. A more pre-
cise way of showing this argument is to follow again to
the standard procedure, in which Veff = E2, V ′eff(r) = 0
which allows finding expressions for the extrema of the
specific angular momentum and the specific energy. For
the moment we focus on the specific angular momentum
of charged particle:
L±2 = f2U
′
Uf ′ − fU ′ +
2f3U(eA′t)2
(Uf ′ − fU ′) 2
± 2f2UeA
′
t
√
f2(eA′t)2 + f ′(Uf ′ − fU ′)
(Uf ′ − fU ′) 2 . (48)
which reduces L = f2U ′/(Uf ′−fU ′) for neutral particle
as shown in Eq.(27). From Eq.(48) one can see that the
specific angular momentum of the charged particle L±
satisfies to the following symmetry:
L+(eQ) = L−(−eQ) or L+(−eQ) = L−(eQ) . (49)
Now one can find the minimum of L± in Eq.(48) which
corresponds to the ISCO radius of charged particle and
see how it changes for different values of the coupling pa-
rameter eQ. In order to make a qualitative analysis of
the dependence of ISCO radius rISCO for charged particle
from the coupling parameter eQ, we assume that square
of the black hole charge is negligibly small (i.e. Q2→ 0)
to change spacetime geometry and keeping the interac-
tion term in Eq.(48) one can check the radial dependence
of the specific angular momentum L± of the charged par-
ticle. Figure 7 shows the radial dependence of specific
angular momentum of a charged particles in GMGHS for
the fixed values of the coupling parameter. Here one has
to emphasize that extremum of the specific angular mo-
mentum is responsible for to ISCO radius. As one can see
from Fig. 7 the minimum of the specific angular momen-
tum for charged particle cases shifts into large values of
the radial coordinate, which concludes that ISCO radius
increase for both positively and negatively charged par-
ticles. The ISCO radius increases for charged particles
even when Q = 0.
Now we focus on the definition of the ISCO radius for
charged particles and see how it depends on the coupling
parameter. In order to obtain the ISCO radius for the
charged particle, we use V ′′eff(r) = 0 and eliminating L±
by using (48) we obtain a long equation for radial coor-
dinate. Hereafter making careful numerical analysis on
obtained equation we present dependence of ISCO radius
for a charged particle for different values of the black hole
charge Q and coupling parameter eQ. Figure 8 illustrates
the dependence of ISCO radius from the coupling param-
eter eQ. The light blue region corresponds to the stable
circular orbits, one can see that the lower limit of the blue
line is 6M for zero value of the coupling parameter and
with increasing the coupling parameter qQ. ISCO ra-
dius increases in both positively and negatively charged
particles. The black line in Fig. 8 is responsible for the
circular orbit of a charged particle when angular momen-
tum to be taken a zero, while the gray region represents
the negative energy of the charged particle.
As we have already mentioned above our aim is to in-
vestigate the charged particle motion around the charged
black hole to see the significance of the coupling parame-
ter in the ISCO radius for a charged particle in the follow-
ing approximation, Q2→ 0. So far we have studied this
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FIG. 6: (Color online) The radial dependence of the fundamental frequencies governed by test particle motion around the black
hole.
issue in GMGHS metric only, and our calculations show
that ISCO radii increase due to only the coupling param-
eter in all three different black hole solutions. However,
it decreases due to the black hole’s own parameters such
as black hole charge Q, λ, β, and γ parameters as we
have shown in the case of neutral particle motion in the
previous section. For non-zero values of black hole pa-
rameters, we will have very similar results as shown in
Fig. 8, and the only difference is that the (blue) ISCO
region will shift into the left-side depending on the type
of the black hole parameters variation.
11
5.980 5.990 6.000 6.010 6.020
13.14480000
13.14485000
13.14490000
13.14495000
13.14500000
ℒ
+
GMGHS : Q2=0, eQ=0.1
5.980 5.990 6.000 6.010 6.020
12.00000000
12.00002500
12.00005000
12.00007500
12.00010000
12.00012500
ℒ
0
GMGHS : Q2=0, eQ=0
5.980 5.990 6.000 6.010 6.020
10.88190000
10.88195000
10.88200000
10.88205000
r/M
ℒ
-
GMGHS : Q2=0, eQ=0.1
FIG. 7: (Color online) Radial dependence of the specific an-
gular momentum L± (Top and Bottom panels) of test particle
for the fixed values of the coupling parameter eQ and (Central
panel) for neutral particle L0.
VI. CONCLUSION
In the present paper, we have tested three different
GMGHS, GZ, and YQG black hole solutions that belong
to EMS theory by considering test neutral and charged
particle motion around the black hole. Obtained results
can be summarized as follows:
• In order to investigate the spacetime properties of
three different black hole solutions, we have first
determined the curvature invariants such as Ricci
scalar, Ricci square, and the Kretschmann scalar.
Our calculations have shown that all three met-
rics are characterized by two singularities, the first
one is at r = 0 being similar to other spherical-
symmetric solutions such as in Schwarzschild, RN,
etc. and other one arises at r = Q2/M (r =
−γQ2/M in YQG spacetime metric) which corre-
sponds to a naked singularity.
• We have investigated the structure of the horizon
of the black hole in three different solutions. It has
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FIG. 8: (Color online) ISCO radius for charged particle is a
function of the coupling parameter eQ.
been shown that there are two different regions that
can be divided by the critical value of the cosmo-
logical parameter λ0. In the region, λ < λ0 horizon
exists, while when λ > λ0 horizon can not be ob-
served. It has been found that the maximal value
of the black hole charge is Qmax ≤
√
2M .
• The photonsphere around the black hole in EMS
theory has also been investigated. It is found that
in all three solutions the radius of the photonsphere
doesn’t depend on the cosmological parameter λ
and equal to 3M when Q = 0 like in Schwarzschild
spacetime. It decreases when the black hole charge
gets larger and reaches up to 2M at the maximum
value of the black hole where the horizon’s radius
takes the same value.
• We have studied the ISCO radius for a neutral par-
ticle orbiting around the black hole in EMS theory.
It is shown that in all solutions ISCO radius for neu-
tral particle decreases when the black hole charge
gets large value. In absence of the black hole charge
and cosmological constant (i.e. Q = 0, λ = 0) in
GZ solution ISCO radius will become rISCO = 6M ,
while in the case when Q = 0, λ 6= 0, ISCO radius
takes the form rISCO/M = 15/4. Minimal value of
the stable orbit takes 2M for the maximum value
of the black hole charge.
• We have also studied charged particle motion
around the black hole in EMS theory. In this case,
the charged particle is considered in the presence
of the gravitational field and the Coulomb poten-
tial, which can be either attractive or repulsive de-
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pending on the interaction parameter eQ > 0 or
eQ < 0. It is shown that in both cases, the ISCO
radius for charged particles increases depending on
the selected values of the coupling parameter.
• We have determined the fundamental frequencies
governed by test particle orbiting around the black
hole in EMS theory. We have presented the general
form of the exact expressions for the fundamental
frequencies in all three solutions. We have shown
that the expressions for the angular part of frequen-
cies to be equal to each other νθ = νφ. Finally, we
have produced radial dependence of the fundamen-
tal frequencies that can be useful to fit with obser-
vational data. We have shown that it is impossible
to get νθ : νr = 3 : 2 fractional frequencies in the
presence of the cosmological parameter.
• Finally, we have investigated the finding of the
mimic values of charge parameter in GZ/YQG
black hole solution which provides the same value
for ISCO radius of test particles in the Kerr black
hole. Detailed analysis showed that the charge
of GZ (YQG) black hole can mimic the spin of
Kerr black hole up to value of the spin parame-
ter a/M = 0.925877 when λ = 0, while at λ → ∞
the charge can mimic the spin parameter in the
range of a/M ∈ (0.544736, 0.925877). Moreover,
the same mimic values for YQG black hole charge,
but in this case of the maximum value for the
charge is Q/M ' 0.81. In order to make astro-
physical applications we have rough estimation on
the charge of the GZ black hole Sgr A* (M87) as
Q/M = 1.203 (Q/M = 1.41392) when the param-
eter λ = 0, while charge of the SMBH YQG Sgr
A* is Q/M = 0.694553 (Q/M = 0.848621) when
parameters λ = 0 and β = −3.
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